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1 1

1.3 fB)= 3T E:

' _ 1,2 B3+p+2
f(ﬁ)_1+l;2+ﬁ3_ B3
ffB)Y=0=2p>+p+2=0 M1

BPHB+2=B+DE*-L+2)
BE—B+2+#0 as ,82—/3+2=(ﬁ—%)2+£2£>0 or discriminant = —7 E1

So the only stationary pointis (—1,—1) Al

G2 (5)
9B =B+5-%
Then ¢'(B) =1~ + 7
1_%+%=ﬁ3—;3ﬁ+2:(ﬁ—1);3(3+2)

M1

So the stationary points are (—2,—175) and (1,3) A1

G2 (4)
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B
and —-+-+u —uu—:]+uv=—+[3 B1 (1)
(iif)
u+v+—=-1 = —a+=-=-1 so a=1+%
Thus —+—+uv=i+ﬁ=ﬁ—l—i M1
B B p?

u,vreal ©a?-4=>0

2
As a?—45 >0, (1+%) — 48>0 andthus 483 —B2—28—-1<0

B-1DAL*+3+1)<0 M1 AL
3N\ 7 7
4?2 + 36+ 1= (2,8 + Z) te21> 0 ordiscriminant = —7 and positive quadratic so

462 +38+1>0, E1

andso <1 Bl

Hence, from the sketch in part (i), f(8) =B — % - ﬁ—lz = %+ % + uv < —1 as required. E1(6)

: 1_ _ 1_ —1_
(iv) Ifu+v+;—3 = a+ﬁ—3 SO a—ﬁ 3

1 1 -a 3 1
ThUS;+;+UU—F+ﬁ—ﬁ+E—F M1

2
u,vreal ©®a?-4=>0 ,s0 (%—3) — 48 >0 andthus 463 —9B%2+68—-1<0
Therefore (8 —1)2(48—1) <0 andso B =1 or BS% M1 A1

From the graph of g(B8) we can deduce that the greatest value of % + % +uv is 3 E1 (4)
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dy, d 1d"z ,d%z  1d"tlz

o [~ 2= ) = (D) 26— S ——

dx dx<( )de”> D [xe dxn e
M1

1d"z 1d"t1z
= 2D s GO e

[\
= 2XYn — Yn+1

as required. Al1* (3)

(i) Suppose Yy4+q1 = 2xyy — 2ky,_, forsomek Bl

AdYis1 dyy dyk_1
—dx = ZXH'F Zyk - Zk—dx

M1
So using (i)

2xYk41 = Yia2z = 2X(2xXYi = Vi) + 2Vi — 2k(2xy—1 — Vi)

M1
= 4x%yy — 2XYpr1 + 2Yk + 2kyr — 2x(2XYi — Yier1)

M1
= 4x2yy — 2XYiy1 + 29k + 2kyy — 4%y + 2XYpiq

= Zyk + Zkyk
Thus  Yyyo = 2xYr4eq — 2(k + 1)y, which is the required result for k+1 Al
Yo =1
1dz 2 d 2 2 2
— (1222 — _1ox% (o= X%) — _px% _ -x* _
v, = ( 1)de le dx(e ) e* . —2xe 2x

B1
1d%z . d*(e™) _

d
— (—1)2 — x? _ —x2\| = ,x%(_9,—x? 2 ,-x2
y, = (—1) prrriak i2 e [dx( 2xe )] e ( 2e™ +4x“e )

= —2 + 4x2

M1A1
2xy; —2 X 1y = 2x(2x) —2 = 4x? —2 soresulttruefor n=1 Al

Hence y,41 = 2xy, — 2ny,_, for n =1 by induction. Al (10)
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As Yny1 = 2XYn —2NYn_1, Yni2 = 2XYn41 — 2(n+ 1)yn M1
Eliminating x,
(yn+1)2 —YnYn+2 = 2(n+ 1)(Yn)2 — 2NYn_1Yn+1
M1

Thus

Yn+1Wnt1 +2nYn_1) = Ynnez + 2(n + Dyy)
So

Yn+1® = Yn¥nsz = 200® = Yn-1Yn+1) + 20"
A1 (3)
(i) Suppose Yr? — Vi_1Viks+1 > 0 forsome k>1 B1
Then, as 2y,* 20, 2k(Vk® = Yr—1Vk+1) + 2Yk> >0 ,i.e. by (i) Yi41® — YiVks2 >0 E1
Consider k =1
V12 =y = (2x)2 =1 X (-2 +4x?) =4x?+2—-4x*=2>0
B1
Hence the result y,%2 —vy,_1Yp41 >0 for n>1

B1 (4)
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x4 (x? (xy)') = x4 (x°y’ + ex1y)]
M1

b+c-1

yI'
= x®[xP*ey" + cxP*e7ly" + (b + c)xP* 71y’ + ¢(b + ¢ — 1)xP*2y]

= x*[xP*¢y' + cx

— xa+b+cyrr +(b+ Zc)xa+b+c—1yr +cb+c— 1)xa+b+c—2y
M1A1
This is of the required form if
a+b+c=2
b+2c=1-12p
ch+c—1)=p?—q?
M1
Thus
c(1-2p—2c+c—1)=p?—q°

c? +2pc+p?=q?

c+p=+2q
M1
Thus it is possible if
c=q—-p,b=1-2q,a=1+p+q
or
c=—q—-p,b=1+2q,a=1+p—q
A1l (6)

(i) x*y"+@=2p)xy'+@*—q*y=0

So
x“(xb(xcy)’)' =0
(xb(xcy)') =0
X (xy) = 4
M1
(xy)' = Ax~"
Ax—b+1
xfy = + B unless b =1 B1

-b+1
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Ax—b—c+1

y =
b # 1= q# 0 inwhich case
+2q

y:

That is

y = CxP*4

However,if b=1, x‘y=Alnx+ B

so y=Ax"CInx + Bx~¢

Soif g=0, y=AxPInx+ BxP

(i) x%y"+ 1 -2p)xy +p°y =x"

Thus q=0,and c=—p,b=1,a=1+p
x*(x(x“y)
(x(xy)")’

xn+1—a

x(xy)' =

n+l-a

-b+1

+ Bx~¢

+ BxP*a

+ DxP~4
M1A1

M1

M1A1 (7)

B1

I)I — xn

= xn-a

+A forn+1—a+0or x(x°y) =lnx+ A4

n+l—-a=0=>n=p

xn—a

Thus (x¢y)' =

n+l-a

c _ xn+1—a c _ (lnx)Z
So x‘y= ez +Alnx+B or x‘y= —

xTL

(n-p)?

2
andfor n=p, y=x"%+Ax"lnx+Bx"

+ AxPlnx + BxP A1l

Sofor n#p ,y=

+Ax™1 or (xy) =x"llnx + Ax~?

+Alnx+B

Al(7)
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X"y

az b2 1
2x  2ydy
a? b2dx

[\
(Alternatively,

dy dy/d6  bsec®6
dx dx/d® asec@tan®

also earns M1)

Thus at P
dy _asect b> b
dx  a? btanf asiné
Al
So the tangent at P is
y— btan0 = e (x —asecO)
M1
Hence
_ sin? 6 1
aysinf — ab e X — abcosB
So
bx —aysinf = ab< ! _sinz 9) = abcosz{9 = abcosf
cosf cos@ cos 6
as required. Al* (4)
(i) Sisthe intersection of bx — ay sin@ =ab cos @ and g = %
So bx — bxsin@ = abcos 8 M1
Ths, Sis (£33 155ing ) A
Similarly, T is the intersection of bx —aysinf =abcosf and g = —%

M1A1l

SoTis (acos@ bcos@)

1+sinf’ 1+sin@

1

The midpoint of ST is therefore (5(

acos@ acos@) l(bcose bcose))

1-sin @ 1+sin 6 5 1-sin @ - 1+sin 6

1(acos€ acose) 1 1+4+sinf+1—sind

= Zacosf
2\T"simo T1+sine) 2%’ A —smo)d +sin0)

©UCLES 2018 STEP 3 MATHEMATICS 2018

M1

=asecH

39



2

1(bcos€ bcos@)_l 1+sinf@ —1+sind

1—sinf 1+sinb Ebcosg(l—sine)(1+sin9):btane

M1
which means itis P. Al (7)

(ii) Asthe tangents at P and Q are perpendicular,

b b
— X —— = —1
asinf asing

Bl
(This is possible because a > b )

That is
a’sin@ sing + b% =0

The intersection of the tangents is given by the solution of
bx —aysinf = ab cos 8

bx — aysin @ = ab cos ¢

Thus
_ (singcosf —sinb cos p)
B (sing —sin @)
M1
and

— b (cos 8 — cos @)
Y (sing — sin )

22— (sin ¢ cos 8 — sin 0 cos @) 2
(sin¢g — sin 0)

Al

2

(cos 6 — cos @) 2
y

- 2 .
a“sin@ sin g [—(simp —sind)

Al

. . b2 . . . .
Note sinf sm<p=—;<Oso sing # sinf andso sing —sin@ # 0 E1

So

2
a

x2+y%= Ging —sm0)? [(sin @ cos @ — sin @ cos ¢)? — sin @ sin ¢ (cos O — cos @)?]

a2

= Ging —smo? [sin? ¢ cos? 8 + sin? O cos? ¢ — sin 6 sin @ cos? O — sin sin @ cos? @]

M1
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2
[sin? ¢ (1 —sin® @) + sin? 8 (1 — sin? @) — 2sin@ sinf + 2sin@ sinH —

= (sin ¢—sin 6)2
sin@ sin¢@ cos? @ —sinf sing cos? @] M1

a2

= Ging —sno% [(sing —sin#)? + singsin (2 — 2sin @ sin @ — cos? O — cos? ¢)]

aZ

= Ging—sno? [(sing —sin#)? + sin@sinf (sin? ¢ — 2sin @ sin 6 + sin? §)]
=a?+a’sin@ sing = a? — b?

as required. M1A1* (9)

©UCLES 2018 STEP 3 MATHEMATICS 2018

41



5. (i)

(k+ 1D( Agy1 — Gryr) — k(A —Gx) 2 0

e (ag+ay++ag+agy) —(k+1)G6q —(ag+a, ++ap) +kG, =0 M1
S apye1 H kG = (k+ 1)Giyq

o 4> kh+1D)EE 256, >0 MLEL
Gg Gg

1/k+1 1/k+1
Gr+1 _ (Gkkak+1) _ [ Ak+1 _
—_— == =1, Bl

Gk Gk Gk

So

%4.](2(](4.1)% o L k= (k+ DAy
k k

e 4T —(k+ 1D +k =0 asrequired. M1A1 (6)

(i) f)=x"""—(k+1Dx+k

So f'(x) =(k+Dx*—(k+1)=(k+1(x*¥-1)and f"(x) = (k + Dkx*"1 m1m1
Thus, if x is positive, there is a single stationary point for x =1 and itis a minimum. E1
f =0

andso f(x) =x*"1—(k+1Dx+k=>0 E1*(4)

(iii) (a) Assume A, = Gy for some particular k B1

(A~ Gy) E1

then by (ii), the condition for (i) is metand so Ap41 — Griq1 = e

and thus Agyq = Gryq
Ay =a, and G; =a, andso A; = G; (infact A; = G;) Bl

Thus, by the principle of mathematical induction, 4,, = G,, forall n  B1(4)

(b) If A = Gy forsome k ,thenas 4, =G, forall n, Ay_1 = Gp_1 E1

and by (i) and (ii) Ax_; = Gy_4 and El

(2 )“" _1
Gr-1

in which case aj = G,_; . B1
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Butas A, = G,, Ax =Gy and a; = Gy_, forall k,for k=1ton E1

But, Ay =G; =a; Bl andso a, =G, =a; andthus A, = G, =a, and a3 = G, = a; and
soonupto 4, =G, = a4

Hence a; = a, =az; =--=a, E1(6)
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6. (i)
m is parallel to AC

So q—a=A(c—a) where A isreal.

a

Therefore Z_;a = A which is real as required. E1 (1)

Hence,

g-—a* (@-a) q -a
(c—a) =(c—a)*=c*—a*

M1

So as
q_a_q*_a*

c—a c*—a*

(c-—a)(@" —a’)=(c"-a)(g—a)

Al* (3)
-l (-
M1

Multiplying by ac ,

(c—a)(acqg” —c)=—(c—a)(g—a)

M1
Thus
acq* —c=—-(qg—a)
as c—a+0 El
and so
qtacqg"=a+c
A1* (4)
(ii) Qlies on AC, so from (i)
qtacqg"=a+c
Also Q lies on BD, so similarly
q+bdg*=b+d
M1
Subtracting (ac — bd)q* =(a+c)— (b+d) M1*
©UCLES 2018 STEP 3 MATHEMATICS 2018
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Multiplying the AC equation by bd and the BD one by ac and subtracting,
(ac — bd)q = ac(b+d) — bd(a + c)
M1
So adding these two equations
(ac—bd)(q+q*)=ac(b+d)—bd(a+c)+(a+c)— (b+d)
M1

Rearranging
(ac—bd)(q+q*) =(a—b)A +cd)+ (c—d)(1 + ab)

as required. Al1* (5)

(iii) P lies on AB, so from (i)
p+abp®=a+b

M1
Butas p isreal, p =p*,andso
p+abp=a+b
M1*
That is
p(l+ab)=a+b
Similarly, as P lies on CD
p(l+cd)=c+d
[\

Multiplying the final result of (ii) by p we have
(ac—bd)p(g+q)=(a—b)p(1+cd) + (c —d)p(1 + ab)

M1
Thus
(ac—bd)p(g+q)=(a—-b)(c+d)+ (c—d)(a+b)
M1
So, simplifying
(ac — bd)p(q + q*) = 2ac — 2bd = 2(ac — bd)
Andas ac—bd #0, p(g+q)=2 E1A1* (7)
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(cot® +)***1 — (cot® — 1) (cos 6 +isin6)*"*! — (cos O —i sin §)*"*!

2i 2isin2n+1g
M1
_ (cos(2n+1) 8 +isin(2n + 1)0) — (cos(2n + 1) 6 —isin(2n + 1)6)
B 2isin2n+1g
M1
21 sin(2n + 1)8 _ sin(2n + 1)6
© 2isin2ntlg  sin2ntlg
A1* (3)
Let y = cotf , then
(y + i)2n+1 _ (y _ i)2n+1
21
M1
2n+1 2n+1 2n: 2n+1 2n—1- ) 2n+1 _ 2n+1 2n: 2n+1 2n-1;2 _
e (0 )y (5 )y ) = (et = ()i (7))
20
M1
_ 2n+1 2n _ 2n+1 2n-2 . ~N2n
—(1)y (3)y ++ (D)
M1

Soif 2n+1)0 = mm where m=1,2,...,n, sinf # 0 and sin(2n+1)6 =0 El

So

(2n1+ 1) cot2n g — (Zn;- 1) cot?"=2 9 4 e 4 (=1)" = 0

Thusif x = cot? @, (2n1+ 1) x™ — (Zn;- 1) x™ 14 ..+ (=1)" = 0 which gives the required
result. Al1* (5)
(ii)
n
mn
2
Z ot (7r77)
m=1
is the sum of the roots of the equation in part (i), and so is equal to M1
2n+1
( 3 )_ 2n+ 1)! N Ccmt't  @2n)! 2nx(@2n-1) n(n-1)
(2n+1) T @en-2)131" @2n+1)! (2n-2)!13!"  3x2 3
1
Al A1* (3)
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. 1 1 1 .
(iii) As 0<sinf <6 <tanf, — > - > —— asthese are all positive, and
sin @ 6 tan 6

1 >1> 1
sin28 "~ 62" tan26

M1

Thus

1
csc? 0 > ﬁ> cot? 6

M1

That is

1
1+cot29>ﬁ>cot29

M1

or as required

t20<l<1+ t% 9
Co 92 Co

- ,( mn - 2n + 1\? - ,( mn
ZCOt (2n+1)<z< mn ) <Z(1+C0t (2n+1

m=1 m=1 m=1

n
n(2n—1 2n + 1\2 1 n(2n —1
( )<( ) —2<n+—( )

3 V4

m=1

M1

n
ni2n—-1 1 n(2n + 2
( )X”2<Z ( ) o,

—_ — < x
3(2n + 1)? Lm? S 3@n+ 7
M1
Letting n - oo,
n2n—-1) 2 2
—————————————— _)_
32n+D2 " 6
M1
and
n(2n + 2) 2
— T xm?o—
3(2n + 1)2 6
M1
2
and so E?ﬁﬂ% = % Al* (9)
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0 n+1

&) [ fo
; f y(liy) _Iy(ﬁyry)d

M1
Making a change of variable, y = x™1 , Z—i’= —x 2 M1
so
[oe) n+1 co 0 1
f() f() f(x™) _2
Z =| ——dy=| ————=.—x"“dx
(1+y) y(1+y) x 11 +x71)
1
M1
) [ FG
I el G0 R D GO I
(x+1) (1+x)
1 0
A1* (4)
o n+l o n+1
f) fo) f(y)
TS I ORI o ()
— y(1+y) ~ y 1+y
Tl—ly:n Tl—ly:n
M1
%) n +1
-y f fa+D f »)
B x+1 1+y
n=1x=n-1 n=1y=n
M1
S0 e W)
=y f flx dx- Y O 4
x+1 1+y
n=1x=n-1 n=1y=n
M1
- [ L9 [10,
x+1 x+1
x=0 x=1
M1
1
- (12,
1+x
x=0
as required. Al1* (5)
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(i) From (i)

M1

1
X 1

_ _ _ — [ _ 1_q1_

= fx+1dx— fl x+1dx [x—In(x+1]g=1—-1In2

M1 M1 A1l (4)

1
2—1
f{ x }dx
x+1
x=0

{2(x+ 1} ={2x + 2} = {2x} E1l

and so we can once again use the result from part (i), and thus
1

.[ 2x‘1} 3 {Zx} j

1
J‘Zx—ld
x+1 X
x=3
2

M1 M1A1

1
= 2[x —In(x + )12 + [2x — 3In(x + 1)]%

dvi

3 3
=1—21n§+2—31n2—1+31n5

24— 218
BT "3

M1A1 (7)
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9. (i) NELIfor the n-1 th collision between P and Q gives
Vpo1— Un-1 = €(Vn_g + Up_2)
M1
and conserving momentum
kmv,_{ + mu,_1 = mu,_, — kmv,_,
M1
which simplifies to
kvyp1 +up1 =up_» —kvy

Eliminating v,_, between the two equations by multiplying the first by k and the second by e and
adding gives M1

k(1+e)v,_1+(e—ku,_1 =e(l+ k)u,_,
Al
Similarly, the nth collision gives
Vp —Up = e(Vp_q + Up_q)
and
kv, +u, =uy_1 — kv,
M1

Eliminating v, between these two equations by multiplying the first by k and subtracting from the
second M1

A+ ku,=0—-ke)u,_; — k(1 +e)v,_, (**) A1

Adding the left hand side of the equation from the n-1 th collision to the right hand side of that just
obtained (and vice versa)

A+bu,+e(l+ku,, =1 —ke)uy_1 + (e —kup_q

M1
Thus
A+u,+e(l+ku, ,=1Q+e—k—ke)u,_, =10 —-k)A+ e)u,_,
M1
Giving

A+ku,—-1-kA+euy,+e(1l+ku,_, =0

A1* (10)
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(i) The first impact gives using (**)

(1+35)m = (1-55%5) w035 (1+3)
t3g)t =1 733% )% 5113

M1

Thus
70u; = 67ugy — 3v,

Al

Letting n =20
uy=A4+B

M1

and letting n=1
A(l) +B(E) Cuy = 67uy — 3v,
10 7 70

(\}
So 494 4+ 50B = 67uy — 3vy
Thus

A= —17uy + 3v,
and
B = 18uy — 3y,

M1 A1 (6)

Thus
7\" 5\"
u, = (—17uy + 3v,) (E) + (18uy — 3vp) (7)
(\}
= (g)" [(—17u0 + 3vp) (% )n + (18uy — 3v0)]

If vy >6uy, (—17uy+3vy > uy) and 18uy — 3v, <0 M1

49\
For large n, the term (5) -0

El
5 n
uy > (2) (18ug — 3vp) < 0

E1* (4)
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10. If Gis the centre of mass of the combined disc and particle, then
M+m)xX0G6=Mx0+mxa

M1

erep . . . oG m
In equilibrium, G is vertically below A, so sinff = — =
0A M+m

Al (2)
Applying the cosine rule to triangle OAP,
AP? = a? + a? — 2a? cos (g — ,8) =2a%(1 —sinB)
M1 M1

Thus

AP ad

M1 Al* (4)
The kinetic energy of the disc about L is %192 B1 and the kinetic energy of the particle about L is
%m(APé)Z = %mZaz(l —sin8)6? = (1 — sin f)ma?6?
Bl M1

The potential energy of the system relative to the zero level of the point G in equilibrium is
(M +m)gAG(1 —cosB) = (M + m)ga cos f(1 — cos )

Bl M1
So, during the motion, conserving energy
1 . .
516’2 + (1 — sinf)ma?6? + (M + m)ga cos f(1 — cos 8)
Is constant. E1(6)
1 . ) .
5192 + (1 —sinf)ma?6? + (M + m)ga cos (1 —cosf) = ¢

Differentiating with respect to time,
1606 + 2(1 — sin f)ma?06 + (M + m)gacosSsinf 6 =0

M1 A1l

3 . m 3 4 . e .
Thus,as m = EM , sinf = e T T and cosf = - (cos B is positive as B is acute) B1

and because I=§Ma2,
(3M2+2x2x3M 2)é+(M+3M) ><4'9—0
5> Ma £ X5 Ma 5M)gaxcsing =
M1
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For small oscillations, sinf = 0, M1

Ne]

27 6+ 290 =0
10 gv =

That is
20
99

6 ~—=—2

27 a
Al

and hence the period of small oscillations is

5 27a_3 3a
7r20Lq_ﬂ5g

M1 A1* (8)
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11. Atageneral moment in the motion, when the acute angle between the string and the upward
vertical is 8 , and the speed of the particle is v, resolving towards O

2
, v
T"+mgcos8 = mT
where T’ is the tension in the string and m is the mass of the particle. M1
So at the point when the string becomes slack,
VZ
cosa =—
g b
M1
i.e. V2 =bgcosa Al (3)

If x is the horizontal displacement of the particle from O at time t, and y the vertical. Then

x =bsina —Vtcosa

M1

and
_ 1
y=bcosa+Vtsina —Egt2

M1
The string is taut when x2 + y? = b2 M1
So

1 2
(bsina — VT cos a)? + (bcosa+ VTsina—EgTz) = b2

Al

Thus
b?sin? a — 2bsinaVT cos a + V2T? cos? a
+ b?cos? a + 2bsinaVT cosa + V2T?sin? @ —bgT? cosa — gVT3sina
n lngzm _ p2
4

M1

So
1
V2T? — bgT?cosa — gVT3sina + ZgZT4 =0
Butas V2 =bgcosa,
1
V2T? —V?T? — gVT3sina + ZgZT‘* =0
M1

©UCLES 2018 STEP 3 MATHEMATICS 2018 54



So

g*T* = 4gVT3sina

andas T # 0,
gT =4V sina
Al1*(7)
X =-Vcosa
B1
y=Vsina —gt
B1
Thus
tan § = Vsina —gT _ Vsina —4V sina — 3tang
—Vcosa —Vcosa
M1 A1* (4)

The particle comes instantaneously to rest if and only if its motion is radial at the point of impact.

In other words,

y
~ =tan
o B
when t=T. M1
Thus
. . 4V sin a . .
x =bsina —VT cosa = bsma—VTcosa=b51na—4bsma’cosza
M1
and
, 1, 4Vsina 1 /4Vsina\?
y= bcosa+VTsina —=-gT =bcosa+V—sma——g<—)
2 g 2 g
= bcosa + 4bcosasin?a — 8b cos asin? @ = b cos a — 4b cos a sin? a
M1
So
. _ 3 _bcosa—4bcosa’sin2a
anf = arla_bsina—4bsirwzcoszoz
M1
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Rewritten. this is

Thus

So

However, sin?a > 0,so sin®a =

©UCLES 2018

3sina _ cosa (1 - 4sin®a)

cosa  sina (1 —4cos?a)
3sin?a (1 —4(1 —sin?a)) = (1 —sin®a)(1 — 4sin’ a)
8(sin?@)? — 4sina—1=0

4+4V3 143
16 4

sin® ¢ =

1+/3
4

STEP 3 MATHEMATICS 2018
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12. (i) P(Yy <y) isthe probability that at least kK numbers are less than or equal to y E1

The probability that exactly k are smaller than or equal to y is given by
n _
(k) yk(l -y k

M1
So
P(Y, <y)
— (Z) yk(l _ y)n—k + (k :l_ 1) yk+1(1 _ y)n—k—l + (k i 2) yk+2(1 _ y)n—k—z + .- (Z) yn
=3 )y
m=k
as required. Al1* (3)
(i)
ny _ mxnl n! B nx(n-—1)! _ (n-—1
m(m) S (-m)tm! T (n-m)!(m—-1D! ((n-1)— (m—1)!(m—1)! _n(m—l)
Bl M1 Al*
(n—m) xn! n! nxn-—1)! -1
(n—m) (77711) - (n—m)!m! - n—-m-1)!m! - (n-1)-m)Im! - (nm )
M1 A1 (5)
FQy) = Z (:,ll) yra =y
m=k
so
f) = ;—ymzk (m) yra =y
M1
= Z m () )ymi A -y z —(n—m) () y" (@ —yyrm
m=k m=k
M1
n n-1
= D m(p) Yyt a= T Y ——m () ym(a -y
m=k m=k
M1
n n-1
= Z n (:l__ll) ymH A=y + Z —n (n;l 1)ym(l -y
m=k m=k
M1

©UCLES 2018 STEP 3 MATHEMATICS 2018
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zn:n __1 )y -y 4 Z _11)3/’”‘1(1—3/)”"”

m=k m=k+1
M1
-1 - -
:"(Z— D)yETia -y
as required. Al* (6)
Because f(y) is a probability density function, folf(y)dy =1 El
Thus
1
f YA =Ry = ——<
0 n (k _ 1)
B1(2)
(iii)
E()=n(} " 1) fly x yk=1(1 - yyrkdy =n (]~ 1) fly"(l — )" *dy
k k—1/ ), k—1/),
M1
- 1
=n(2_1)'[ k+1-1(1 _ yyn+1- (k+1)dy_n(z 1) —
D (3112 1)
M1 M1
B (n—l) 1 n(n — 1)! (n—Kk)'k! k
" k-1 (n+1)( ) - (k-1 n+Dn! n+1
Al (4)
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13.
G(t) =po + Pt +pat® +pst® + -

G(1) =po+p1+p+pst+ -
G(=1)=py—p1 +p2—p3+ -
M1

G +G(-1) =2py+2p,+ - =2(po+p,+ps+ - )=2P(X=00r20r4 -

M1
Thus
1
P(X=0o0r2or4 )= E(G(1) +G(-1)
as required. Al1* (3)
/‘lr
PX=r)=e*—
r!
[e] T co T
6= freit = = U7 _ pmtght = g=aa-0
=0 7! r=0 T!
M1 Al* (2)
(i)
© 1
Z PY=r)=kP(X=0o0r2or4 )= kxE(G(1)+G(—1))
r=0
M1
k et +e 4 cosh 4
=-(1+e )=k =k
2( te) 2et et
As

ZOO:OP(Y =r)=1

el

k =
cosh A

Al

o /»12 14
GY(t)zZ OP(Y=T)tr=k<e_7‘+e"1§t2+e"1$t4+~-->
r= 1 !

M1

2 4
= ke (1 +%+ ('14? + )

2! 3! 4! 2! 3! 4!
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ete telt 4+ e~ coshAt

~ cosh 1 2 "~ cosh2
M1 A1* (5)
as required.
E(Y) =G"y(1)
oL
M1
Thus
E(y) = 254 o anha <2
cosh A
M1  A1*(3)
for A>0

Alternatively,

_ Asinha et —e=4 1—e24

E(Y) = = = <A
¥) cosh A et +e4 14+e24

(i)
G() = po +put +pat® +pst® + -

G()=po+p1+p+p3t -
G- =py—p1+pP2—p3+ -
G =po+ip1—p2—ips+ -
G(=i) =po—ipy —pz +ips + -
G(D) +G(—1) + G(W) + G(—1) = 4py + 4ps + -+ =4P(X =0 o0r 4 )

Zw P(Z=1)=cP(X=0o0r4-) =cx%(G(1)+G(—1)+G(i)+G(—i))
=0
¢ - —A(1-i ~A(1+i
=Z(1+e 24 4 @=AAD 4 -ACHD)

c
= Z(l +e 2 4 e (cosA +isinA+ cosA — isinA))

_c (e’1 +e 44 2cos A) _ c(cosh A + cos 1)
T4 et B 2el

M1

A
As Z?"=0P(Z=r)=1,c=2; Al

cosh A+cos A
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[ee) 14 18
Gz(t) = E OP(Z=T')tr=c<e_’1+e_’1—t2+e—1_t8+...>
r=

4! 8!
(a0t ()®
— A
=ce <1+ m + 3l +
ce (At)? (At)? ()2
= [<1+/1t+ TR --->+<1—At+ TR --->+<1+/ut— T
. @n?
+<1—/ut— TR
ce . ;
- 4 (eﬂ.t + e—lt +elﬂ.t + e—lﬂ.t)
-1
=— (cosh At + cos At)
M1
2et
As GZ(l) =1,c= coshA+cos A
So
(cosh At + cos At)
Gz(t) =
(coshA + cos )
Alft
, A(sinh At — sin At)
G'z(t) =
(cosh A + cos )
And thus
A(sinh A — sin )
E(Z)=6',(1) =
@ z(1) (cosh A+ cos 1)
M1
If A==, M1
3n(sinh37+1)
E(Z)=—
2 3n
coshT
31 -37 3n -3 3
e2 —e 2 e2 +e 2 —oT
3m 5 +1 3rm 2 +(1—e 2 )
=2 X7 &= = % E——T
e2 +e 2 eZ +e 2
2 2

—37

; )

As ez <1 ,inthiscase, E(Z) > A andsono, E(Z) is not less than A for all positive values of 1

Al (7)
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